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Abstract. We investigate the performance of Quantum Fisher Information (QFI) and Quantum Discord (QD)

in a two-qubit spin system with Dzyaloshinskii-Moriya (DM) interaction in the presence of an external magnetic

field. The current dynamical maps of QFI and QD are investigated by characterizing these functions of the DM

interaction, magnetic field strength, and temperature. Parameter optimization can achieve maximal and prolonged

QFI and QD under DM interaction in a two-qubit spin chain. The QFI and QD decay monotonically, with no

signs of revival, implying they are permanently lost. Although the effects of magnetic field and temperature are

both degrading, we find that their consequences can be controlled by increasing the number of DM interactions

available, resulting in longer QD and QFI preservation.
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1 Introduction

Fisher’s information is helpful in engineering statistics Korashy et al. (2021) Ganaie et al. (2021)
and the representation of variable quantum equations of motion Chentsov (1982) Abdel-Khalek
et al. (2017). It was first developed for statistical modeling, and the Cramér-Rao inequality limits
the accuracy of estimation based on Fisher information. This information has the most miniature
precision (variance) of all quantifications. There is also a quantum version of the Cramer-Rao
inequality, and Fisher’s information has also been applied to quantum scenarios Oleiwi et al.
(2023) Xu & Chen (2018). In addition, several fractional models have been investigated El-Sayed
et al. (2023) Sweilam & Abou Hasan (2016).

When we need to assess the model parameters, we can identify neighboring distributions
along the parametric curve Cremér (1946) Fakharany (2022). A generalized family of probability
densities, denoted as P (x) where x is variable and is the parameter, can help us evaluate this
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parameter value by differentiating between adjacent distribution functions along the parametric
curve. With extensive Fisher Information, we can make more confident predictions about the
parameter. In a quantum situation, we can use the quantum Cramér–Rao bound to determine
the expansion of Fisher Information Braunstein (1996) El-Sanousy (2021) . Since its inception,
QFI has undergone thorough research from various perspectives. Discussions have focused on
improving precision estimation Boixo et al. (2007), measuring optimization Ma et al. (2011) and
exploring QFI’s characteristics and applicability Luo (2004).

Parameter estimation and quantum phase transitions have gained attention Sun et al. (2010)
Salvatori et al. (2014). Advancements in Quantum Fisher Information have led to better char-
acterization of system-cavity couplings, creating quantum systems with higher entanglement.

Extensive research has been conducted on Quantum Fisher Information (QFI) in various
fields, such as characterizing quantum phase transitions Invernizzi et al. (2008), exploring un-
certainty relations Luo (2000) Gibilisco et al. (2007), estimating quantum speedup limits, and
detecting entanglement Boixo & Monras (2008). Notably, studies have been conducted on the
influence of Unruh in the non-inertial framework on quantification Metwally (2018) Banerjee
et al. (2016). QFI has also been studied for multi-particle entangled states, including spin
chains Ozaydin, & Altintas (2020) Alenezi et al. (2022) the Lipkin-Meshkov-Glick model Ma
& Wang (2009), atom-cavity systems Zidan et al. (2019), and superconducting charge qubits
Abdel-Hameed et al. (2018). Exciting research has been done in these areas, including studies
on entangled states such as Apellaniz et al. (2015).

Additionally, an interesting study examined the thermal quantum discord in various Heisen-
berg models, as referenced in sources Zhu & Zhang (2012) Redwan, & El-Shahat (2017). The
research found that thermal quantum entanglement is stronger than thermal entanglement with
temperature. This study also found that quantum discord (QD) remains present at lower tem-
peratures, while thermal entanglement disappears entirely at a specific temperature. Therefore,
QD is a more realistic way to express quantum correlation than entanglement. Recent extensive
research has focused on entanglement and quantum correlation in a diatomic system interacting
with a single-mode cavity field, including Fock state, thermal field state, coherent field state,
and more, as cited in sources Zidan (2014) Bakry et al. (2018).

Spin-orbit coupling impacts non-classical correlations in quantum mechanics and informa-
tion. Zhang’s research showed that Dzyaloshinskii-Moriya (DM) interaction can cause thermal
entanglement in ferromagnetic and anti-ferromagnetic Heisenberg models. The ferromagnetic
model is better for quantum teleportation with DM interaction. Two and three-level systems
with magnetic fields were studied, showing DM interaction overcomes decoherence effects on
entanglement from thermalization and external fields Dzyaloshinskii (1958) Song et al. (2014).

In this work, we will be delving into a detailed examination of the QFI and QD of a two-qubit
spin system that displays DM interaction, while also being subjected to an external magnetic
field. Our study will include an investigation into the effect of temperature and magnetic field on
the system’s thermal entanglement. The results are quite intriguing, as we discovered that the
DM interaction has a profound impact on the thermal entanglement of the system. Additionally,
we found that selecting the appropriate strength of DM interaction at higher temperatures
can lead to further improvement of the thermal entanglement. The structure of the paper is
summarized below. In section 2, we explain the two-bit spin system and calculate its density
matrix. We compare numerical modeling results to other model parameters in sections 3 and 4,
such as (QFI) and (QD). Finally, we describe our findings in the 5 section.
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2 Model and solution for a two-qubit

The Hamiltonian for a two-qubit anisotropic Heisenberg model with z-component interaction
parameter Dz is

H = J(1 + γ)σx1σ
x
2 + J(1− γ)σy1σ

y
2

+ Dz(σ
x
1σ

y
2 − σ

y
1σ

x
2 ) +B(σz1 + σz2), (1)

where J is the real coupling coefficient, γ is the anisotropic parameter, Dz is the z-component
DM interaction parameter, B the external magnetic field, and σi(i = x, y, z) are Pauli matrices.

The eigenvalues the Hamiltonian H are given by

E1, E2 = ±2α, α =
√
B2 + J2γ2,

E3, E4 = ±2β, β =
√
D2
z + J2 (2)

with crossposting eigenvectors given by

|E1〉 =
1√

2α(α−B)
(−(α−B)|00〉+ Jγ|11〉)

|E2〉 =
1√

2α(α−B)
((α+B)|00〉+ Jγ|11〉)

|E3〉 =
1√
2

(eiθ|10〉+ |01〉)

|E4〉 =
1√
2

(−eiθ|10〉+ |01〉) (3)

where θ = tan−1(Dz
J )

At thermal equilibrium of temperature T , in the standard basis {|00〉, |01〉, |10〉, |11〉} the
density operator for the system under consideration can be worked out to be

ρ(T ) =
1

Z
exp

[
− H

κβT

]
, (4)

where z is the partition function of the system and κβ is the Boltzmann constant (for simplicity
we put κβ = 1 ). Based on the eigenvectors |Ei〉(i = 1, 2, 3, 4) and the eigenvalues Ei of the
Hamiltonian Eq. (1), the explicit form of the thermal matrix ρ(T ) can be expressed as the
density matrix of the system in the thermal equilibrium can be obtained as

ρ (T ) =


ρ11 0 0 ρ14
0 ρ22 ρ23 0
0 ρ32 ρ33 0
ρ41 0 0 ρ44

 , (5)

where

ρ11 =
1

Zα

[
α cosh

(
2α

T

)
−B sinh

(
2α

T

)]
,

ρ44 =
1

Zα

[
α cosh

(
2α

T

)
+B sinh

(
2α

T

)]
,

ρ14 = ρ41 = − Jγ
Zα

sinh

(
2α

T

)
,

ρ22 = ρ33 =
1

Z
cosh

(
2β

T

)
,

ρ23 = ρ∗32 =
1

Z
e−iθ sinh

(
2β

T

)
,

Z = 2

[
cosh

(
2β

T

)
+ cosh

(
2α

T

)]
. (6)
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3 Quantum Fisher Information

We briefly review the main aspects of the QFI. In classical statistical inference theory, Fisher
information is used to measure the amount of information about an unknown parameter θ from
the measurement results of an observable variable X. The classical Fisher information with
respect to the parameter θ is defined as Fisher (1925)

G(θ) =
∑
i

Pi(x|θ)
[
∂

∂θ
lnPi(x|θ)

]2
(7)

where Pi(x|θ) denotes the probability density of the measurement outcome xi conditioned on
the fixed parameter θ. By diagonalizing the density matrix

ρ(θ) =
M∑
i=1

λi(θ)|ψi(θ)〉〈ψi(θ)| (8)

Here λi(θ), |ψi(θ)〉 are the ith eigenvalue and eigenstate of the density matrix, respectively. M
is the rank of the density matrix ρ(θ), the QFI for a non-full rank density matrix Jing et al.
(2014)

F =
M∑
i=1

(∂θλi)
2

λi
+ 4

M∑
i=1

λi
[
〈∂θψi|∂θψi〉 − |〈ψi|∂θψi〉|2

]
− 8

M∑
i 6=k

λiλk
λi + λk

|〈ψi|∂θψk〉|2. (9)

Accurate identification of the eigenvalues and eigenvectors of the reduced density operator de-
fined by Eq. (5) is crucial to determine the quantum Fisher information of the system. The
eigenvalues are obtained as

λ1,2 = cosh(2α/T )∓ sinh(2α/T )

λ3,4 = cosh(2β/T )∓ sinh(2β/T ), (10)

with corresponding eigenvectors are

| ψ1〉 = (a1, 0, 0, b1), | ψ2〉 = (a2, 0, 0, b2),

| ψ3〉 =
1√
2

(0, e−iθ, 1, 0), | ψ4〉 =
1√
2

(0,−e−iθ, 1, 0), (11)

where

a1 =
−(α+B)√
2α(α+B)

, b1 =
Jγ√

2α(α+B)
,

a2 =
α−B√

2α(α−B)
, b2 =

Jγ√
2α(α−B)

,

(12)

3.1 Quantum Fisher information with respect to magnetic field B

In this section, we use the quantum Fisher information to precisely determine the magnetic field
parameter B. This method provides a more accurate and dependable estimate of the parameter,
which is crucial for various scientific and technological applications. According to the definition
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in Eq. (9) and using Eqs. (10) and (11), the exact formula of quantum Fisher information with
respect to B (QFI) is obtained as

QFI =
4

T 2Z2α4

(
J2γ2T 2sinh2

(
2α

T

)[
1 + cosh

(
2β

T

)
sech

(
2α

T

)]
+4B2α2

[
1 + cosh

(
2β

T

)
cosh

(
2α

T

)])
. (13)
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Figure 1: (a) The evolution of Quantum Fisher Information (QFI) in terms of B. The solid, dashed
and dot-dashed curves are evaluated for D = 0, 5, 10, respectively, with T = 2. The QFI as a
function of temperature T. The solid, dashed and dot-dashed curves are evaluated for D = 0, 5, 10,
respectively where in (b) B = 0, (c) B = 2 and in (d) the solid, dashed and dot-dashed curves are

evaluated for B = 1, 5, 10, respectively, with D = 2. (γ = 2,J = 1)

Fig.1 addresses the dynamics of QFI in a two-qubit anisotropic Heisenberg model while con-
sidering different interactions such as DM, temperature, and magnetic effects and corresponding
parameters. We witnessed that in these other interactions and plotting against various param-
eters, the dynamics of the two qubits seem increasingly different. The rise and fall maps of the
QFI under different situations do not match each other. For example, in Fig.1(a), we plotted
the QFI as a function of the external magnetic field. We noticed that for the increasing choices
of magnetic field strength B, the width of the slopes becomes more comprehensive, and the QFI
seems more preserved. Besides, QFI as a function of B also shows preservation enhancement for
the high values of DM interacting strength Dz. The statement can be justified by comparing
the graphs obtained for Dz = 0, 5 and 10, where the width of the preservation is greater
at Dz = 10. Thus, both parameters can enhance quantum information preservation for longer
intervals. It’s also worth noting that when there’s no magnetic field, the QFI rises to a maxi-
mum of 4 before rapidly falling. The QFI steadily decays as the DM interaction increases, as
shown in Fig.1(b). Furthermore, as T increases, the QFI measure rapidly degrades and even-
tually achieves the lowest conceivable saturation level. As a result, T and QFI survival have
an inverse relationship. The QFI starts at 2 and decays to Dz = 0 when an external magnetic
field is present, but the QFI obtains the highest initial encoded value when B = 2. As a result,
as shown in Fig.1, the value of QFI with T is determined by the value of B, and it lowers as
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B grows (c). In addition, as the DM interaction Dz = 5, 10 was increased, the QFI rose to a
high of 4 before gradually decreasing, as seen in Fig.1(c). In 1(d), we studied the influence of a
magnetic field on QFI at different levels of DM interaction. As we discovered, the QFI starts at
value 4 at B = 1 and rapidly decays. As B rises, the QFI drops, which is in line with Fig.1(c).

(a) (b)

(c)

Figure 2: The evolution of Quantum Fisher Information (QFI) against the different parameters.
In (a) be plotted between T, Dz at B = 1, (b) be plotted between T , B at Dz = 1, (c) be plotted

between B, Dz at T = 1. ( γ = 2,J = 1)

Fig.2, we disclose the dynamics of QFI against different parameter ranges. In Fig.2(a), we
plotted the dynamical map of QFI while considering the effects of Dz and T while keeping B
constant at unity. We find that with increasing choices of Dz, the QFI becomes higher. At
Dz = 10, we witnessed the QFI reaching the highest elevation. Thus, increasing the Dz means
an enhancement in the QFI measure. Besides, against the increasing values of T , we find the
QFI decaying monotonically. In case of Fig.2(b), we plotted the effects parameters T and B.
Under both parameters’ combined effects, QFI decays faster than that observed in Fig.2(a). In
Fig.2(c), we plotted the effects of Dz and B over the QFI dynamical map. The current results
are interesting, and both the parameters affected the QFI map oppositely. The Dz parameter
enhances the QFI function, while the magnetic strength parameter reduces the QFI. The QFI
function finally becomes zero at T > 5 while maximum at Dz > 5.

4 Quantum Discord (QD)

Quantum discord (QD) is based on the distinction between quantum collaborative information
and classical correlation. In a two-qubit quantum system, the overall correlation is measured
using their quantum collaborative information, denoted by L(ρab) = S(ρa) + S(ρb) − S(ρab),
where ρa(b) and ρab represent the reduced density matrix of ρa(b) and the density of the binary
system singly. Here, S(ρ) = −tr(ρ log2 ρ) is the von Neumann entropy. (QD) is a measurement
of the quantumness of correlation between A and B and is also defined as the difference between
total correlation and classical correlation. For the X state described by the density matrix, (QD)
is given by:
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QD = min[D1, D2] (14)

with

QDj = Γ(ρ11 + ρ33) +
4∑

k=1

λk log2 λk +Rj

and

R1 = −Γ(ρ11 + ρ33)−
4∑
i=1

ρii log2 ρii,

R2 = Γ(p) (15)

p =
1 +

√
[1− 2(ρ33 + ρ44)]2 + 4(|ρ14|+ |ρ23|)2

2

where λk being the four eigenvalues of the density matrix ρ and Γ(x) = −x log2 x−(1−x) log2(1−
x) . As the density matrix of our system ρ in Equation (9) is X states. In Fig.3, we explore how
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Figure 3: (a) The evolution of Quantum Discord (QD) in terms of B. The solid, dashed and dot-
dashed curves are evaluated for D = 0, 5, 10, respectively, with T = 2. The QD as a function of
temperature T. The solid, dashed and dot-dashed curves are evaluated for D = 0, 5, 10, respectively
where in (b) B = 0, (c) B = 2 and in (d) the solid, dashed and dot-dashed curves are evaluated for

B = 1, 5, 10, respectively, with D = 2. (γ = 2,J = 1)

a quantum dot (QD) behaves in a two-qubit spin chain and how factors such as DM interaction,
magnetic field strength, and temperature affect it. In Fig.3(a), we depict the QD function as a
symmetrical curve B at a temperature of T = 2 while keeping the DM interaction constant—the
curve peaks when B = 0, indicating that the parameter is deteriorating. Additionally, the QD
function is significantly influenced by the different values of Dz concerning B. As observed, the
QD function increases as Dz increases, reaching its maximum at Dz = 10. However, as Dz
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increases, the QD preservation width also increases. Fig.3(b) delves into the dynamics of QD
under DM interaction, characterized by temperature. Increasing Dz strength can reduce the
effect of temperature, as demonstrated by the fact that QD is more efficient at Dz = 10 and less
efficient at Dz = 0 when the temperature is applied. In Fig.3(c), we examine the impact of a
magnetic field on the QD function, which is characterized by temperature. When Dz = 10, the
QD persists for an extended period, while it lasts for a shorter time when Dz = 0.

In Figure 3(d), we can see how a magnetic field affects the dynamical map of a quantum
discord (QD). The more intense the magnetic field, the more it damages the QD’s function,
indicating that it is deteriorating. The strength of the field also determines the preservation
interval and initial values of the QD in two qubits. At a magnetic field value of 10, the minimum
initial QD value can be observed. The dynamical map of the two-qubit QD is monotonic, with
no observed relative revivals, unlike the results for entanglement and QD, which display clear
revival characteristics Zidan (2014). Consequently, under the current system-cavity couplings,
there is a permanent loss of quantum information. In Figure 4, we explore the combined impact
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Figure 4: The evolution of Quantum Discord (QD) against the different parameters. In (a) be
plotted between T, Dz at B = 1, (b) be plotted between T , B at Dz = 1, (c) be plotted between B,

Dz at T = 1. ( γ = 2,J = 1)

of the DM interaction, magnetic field strength, and temperature on the dynamical map of a
two-qubit QD. The QD is highly sensitive to changes in relative parameter values, which dictate
its initial values and preservation intervals. Figure 4(a) displays the joint effects of T and Dz,
revealing that the QD function improves as Dz increases but decreases with increasing T values.
When we investigate the combined effects of B and T in Figure 4(b), we find that the QD
function is inversely affected by both parameters and as the values of B and T increase, the
QD function decays to 0 more quickly. Finally, in Figure 4(c), we analyze the effects of B and
Dz and find that they have opposite effects on QD preservation. As Dz increases, QD tends to
conserve, whereas the findings for B are contradictory.
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5 Conclusions

This study examined the dynamic mappings of QFI and QD in a two-qubit spin chain with a
Dzyaloshinskii-Moriya interaction linked to a non-local cavity. We hypothesize that the non-
local cavity is controlled by temperature and magnetic field intensity. Our findings reveal that
the QFI and QD functionalities are vulnerable and easily lost when exposed to current fields,
with the factors involved being the only determinants of decay behavior and quantity. Instead
of studying the essential Dzyaloshinskii-Moriya interaction, we focused on the influence of the
z-component interaction parameter (Dz) of the same interaction. The Dz parameter is critical
for preserving QFI and QD functions.

Although temperature and magnetic strength were predicted to weaken QFI and QD, in-
creasing Dz can counteract these adverse effects. Thus, we hope our research can assist in the
practical design of quantum cavities and interactions of a similar kind to preserve quantum
phenomena better.
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